Solution Set 7
Discrete Structures

17" day of April of the year of our Lord 2026

1. a. We will prove VXVY(X CY = [X| < [Y)).

Proof. Let X and Y be sets and assume X C Y. Consider the functionf : X - Y
given by f (x) := x for each x € X. We will prove this function is injective.

Leta, b € X and suppose f (a) = f(b). Then, since f (a) = a and f (b) = b by the
definition of f, we have that a = b. Thus, f is injective, implying |X| < |Y|.
QED

b. We will prove that every injection between nonempty sets is monomorphic.

Proof. Let X and Y be sets such that X # g and Y # @, and letf : X — Y be an
arbitrary injection. Since X # @, we know there exists some xy € X. Consider
now the function g : Y — X defined, for each y € Y, as follows.

()._{x if x € X such thatf(x) =y
W)= xg i (Vxe X)(f(x) #y)

We know that g is a function because the fact that f is injective guarantees that
every element of Y has at most one preimage.! We will now show g o f = idy.

Letx € X. Notice that there exists y € Y such thatf (x) = y because f is a function.
The definition of g then implies g(y) = x. This permits the following observation.

(gef)(x) =g(f(x)) =g(y) =x

Since we can see that g o f and idy have the same domain, same codomain, and
(gof)(x) = idx(x) for every x € X, we conclude that g o f = idy.
QED

2. a. We will prove VAVBVC((JA| < IBI A IBI < |C|) = |Al <|C)).

Proof. Let A, B, and C be sets such that |A| < |B| and |B| < |C|. This means there
exist two injective functions & : A = B and § : B = C by definition. We will now
prove that B o a : A — C is an injection.

Let x1,x, € A and suppose (B o a)(x1) = (B o a)(x,). We now must observe.
(Boa)(x1) = (Bea)(x) = P(alx)) = p(a(xy)) by definition
= a(xy) = a(xp) because S is injective
= X1 =X because « is injective
Therefore, x; = x,, demonstrating that 8 o « is injective, meaning |A| < |C|.
QED
b. We will prove VAVBYC((|A| = IBI A Bl 2 |C]) = |A] = |C)).

Proof. Let A, B, and C be sets such that |A| > |B| and |B| > |C|. This means there
exist two surjective functionsa : A - Band  : B - C by definition. We will now
prove that o : A — C is a surjection.

1This addresses uniqueness of

the output of g; existence is
guaranteed by the structure
of the definition, since the
two cases are mutually ex-
clusive and exhaustive.



Let c € C. Since B is a surjection, we know there exists b € B such that f(b) = c.
Now, since « is surjective, we also know there is some a € A such that a(a) = b.
We can now observe the sequence of equalities below, all following by definition.

(Boa)@) = Bla@) = B(b) =c

Since we found element of A—namely a—such that (8 o «)(a) = ¢, and since ¢
was an arbitrary element of C, we now know p o « is surjective. Thus, we conclude
that |A| > |C| by definition.

QED

c. We will prove VAVYBYC((JA| = IB| A IBI = |C]) = |A| = |C)).

Proof. Let A, B, and C be sets such that |A| = |B| and |B| = |C|. This means there
exist two bijective functions a : A — B and 8 : B — C by definition. In particular,
this means « and § are both injective and both surjective.

In 2.a., we proved that the composition of two injections is injective, so o a is
an injection. Similarly, in 2.b., we proved that the composition of two surjections
is surjective, implying B o a is surjective. This means that S o a is a bijection,
allowing us to conclude |A| = |C| by definition.

QED

3. We will prove |A U B| = |A| + |B| for any pair of disjoint finite sets A and B.

Proof. Let A and B be finite sets such that AN B = @. Since A and B are finite,
there exist n4, ng € N such that |A| = [n4] and |B| = |np|. This, in turn, implies there
exist functions f4 : A - ny, and fg : B — np such that f4 and fp are both bijections.
Consider the function g : A U B — n,4 + ng given below for all x € A U B.

| fat0) ifxeA
80 '_{fB(x)+nA ifxeB

The fact that A N B = @ ensures that g is well-defined. We will prove g is bijective.

Injectivity:
Let x1,x, € AU B and suppose g(x1) = g(x,). We take two cases.

Case 1:

Suppose x1 € A, so 0 < g(x1) = fa(x1) = g(xp) <nu. Towards a contra-
diction, assume x, & A. Since x, € AU B and A N B = g, we have x, € B.
However, the definition of ¢ then implies g(x,) = fg(x5) + 14 = 14, which
contradicts our earlier assumption that g(x,) < n4. ¢ Therefore, x, € A.
We then know that f4(x1) = g(x1) = g(x2) = fa(x5). Since f, is injective,
we conclude with the observation that x; = x,.

Case 2:

Suppose x| & A, so thatx; € B due to the fact that A N B = @. This implies
ny < g(x1) =fp(x1) = g(xp) < ny + ng. Towards a contradiction, assume
X, & B, so that x, € A. From this, g(x,) = fa(xp) < 1,4, contradicting our
earlier assumption that n, < g(x,). # Therefore, x, € B. We then know
thatfp(x1) + na = g(x1) = g(x2) = fp(x2), so thatfp(x1) = fp(x2). Sincefp
is injective, this implies x; = x, as desired.

Therefore, g is injective.



Surjectivity:
Lety € ny + ng. We take two cases based on which “half” of n4 + ng contains y.

Case 1:

Suppose 0 <y < ny. Then, y € ny, so we know there exists some x € A
such that f4(x) = y by the fact that f, is surjective. We can then simply
verify that x € A U B and g(x) = f4 (x) = y by definition of g.

Case 2:

Suppose ny <y < ny + ng. We then know 0 <y — ny < ng, from which
we can derive that there exists x € B such that fg(x) = y — n4 from the fact
that fp is surjective. We then have g(x) = fg() + 114 = (y —114) + 114 = .

Therefore, ¢ must be surjective.

From this analysis, we can clearly see that g is a bijection. We therefore conclude
that |A U B| = |n4 + np| as was requested of us.
QED

4. We will prove (Vn € N)(VX(IX| = [n| = |[P(X)| = 2"])).
Proof. We perform weak induction on the cardinality of the finite set in question.

Basis Step:

Let X be a set such that |X| = 0], so that there exists a bijection ¢ : X - &

by definition. The fact that ¢ is a function implies Vx(x € X = ¢(x) € @),

showing us that X must be empty.2 Recalling P(X) = P(@) = {@} = {0} =1, 2Otherwise, we would have

we conclude |P(X)| = [1] = 1 = 2° since every set is in bijection with itself.? an element x € X such that
@(x) € @, contradicting the
Inductive Step: fact that Vz(z & @).

Letk € N and suppose VX(|X| = k| = |[P(X)| = |2k|)‘4 3We proved Vx(|x| = |x]); the

bijection in question is id,.

Now, let X be a set and assume |X| = [k + 1| = k + 1. Since k € N, we know that N . .

. ) ] . . inductive hypothesis
k > 0, implying k + 1 > 1, which tells X is nonempty.5 Therefore, there exists 5If X = @, then |X| = @] = 0
some % € X, and we can observe that [X \ {#}| =|X|—-1= (k+1) —1=k. By contradicting the fact that
the inductive hypothesis, we then know |P(X \ {£})| = |2¥|, which means there XI=k+12>1

exists a bijection p : P(X \ {x}) — {z eN ‘ z < 2k} by definition. We now con-
struct anew function A : P(X) — {z €N | z < 2k+1} as follows. Forany W C X,

o (W) ifx g W

AW) == {p(W \{&) +2k ifreW

Let’s prove A is a bijection.

Injectivity:
Let A,B € P(X) and assume A(A) = A(B). We take two cases.

Case 1:

Suppose % ¢ A. Then, A(A) = p(A), so 0 < A(A) = A(B) < 2F. To-
wards a contradiction, suppose X € B; by definition, this would imply
A(B) = p(B\ {£}) + 2k > 2k contradicting our earlier observation. ¢
Thus, X & B, so that p(A) = A(A) = A(B) = p(B). Since p was injective,
we conclude that A = B.



Case 2:

Suppose ¥ € A. Then, A(A) = p(A\ {%}) + 2k Since Pp(AN\ {x}) €N,
we can observe 2K = 0 + 2k (AN (X)) + 2k = A(A) = A(B) < 2k+1,
Towards a contradiction, supposing % & B implies A(B) = p(B) < 2%,
which would contradict the observation we just made. # Thus, £ €
B. We therefore have p(A \ {X}) + 2k = A(A) = A(B) = p(B\ {X}) +
2k from which we can derive P(A N {X}) = p(B\ {x}). Since p is an

injection, this tells us A \ {X¥} = B \ {%}, letting us conclude A = B.® ¢This follows directly from
the axiom of extensionality if
Surjectivity: werecall ¥ ¢ A and ¥ & B.

Letn € {z e N ‘ z < 2k+1}. We take two cases based on where 7 lies.

Case 1:

Suppose 0 < 1 < 2. This puts n squarely within the codomain of p,
which means there exists some W € P(X \ {X}) such that p(W) =n
because of the fact that p is a surjection. Now, notice W C X \ {X} and
X\ {¥} C X, so W C X, putting W in the domain of A. Since ¥ ¢ W,
we can apply the definition of A to reveal A(W) = p(W) = n.

Case 2:

Suppose 2% < n < 2K+1. Then, 0 < n — 2k < 2k+1 ok = 2k(2-1) = ok,
demonstrating to us that n — 2F is in the codomain of p. Again, since p
is a surjection, this means there exists some W € P(X \ %) such that
p(W) = n — 2. By the same observation as in the previous case, we
know W C X, and X € X, so it should be clear that W U {x} C X.If we
recall that (W U {X}) \ {¥} = W, we can then observe the following.

AW U (R)) = p(W U {#) \ {2}) + 2K

= p(W) + 2K
= (n—2k) + 2
=n

Therefore, we have that A is a bijection between P (X) and {z eN | z < 2k+1}.
We thus conclude that |P(X)| = ‘2k+1| as desired.

By the graces of the theorem of weak induction, we can finally admire the conclusion
that (Vn € N)(VX(IX| = In| = |P(X)| = [2"]))
QED
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